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Abstract
The nonlocal gauge invariant mass operator Tr

∫
d4xFµν(D

2)−1Fµν is
investigated in Yang–Mills theories in the maximal Abelian gauge. By means
of the introduction of auxiliary fields a local action is achieved, enabling us to
use the algebraic renormalization in order to prove the renormalizability of the
resulting local model to all orders of perturbation theory.

PACS number: 11.15.−q

1. Introduction

One of the major open problems in quantum field theory is the understanding of non-Abelian
gauge theories, and consequently of quantum chromodynamics (QCD), in the infrared regime.
The confinement phenomenon of quarks and gluons is not yet clearly established from the
theoretical point of view and still waits for a satisfactory explanation.

The Yang–Mills (YM) theories are described by the following Euclidean action:

SYM = 1

4

∫
d4xFA

µνF
A
µν, (1)

where FA
µν is the field strength

FA
µν = ∂µAA

ν − ∂νA
A
µ + gf ABCAB

µAC
ν . (2)

Here f ABC are the structure constants of the gauge group SU(N) with A = 1, . . . , N2 − 1,
and g is the coupling constant. At high energies, the running coupling constant is sufficiently
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small to allow us for a perturbative description, as expressed by the asymptotic freedom
[1, 2]. However, when one lowers the energy, the running coupling constant grows, causing
perturbation theory to fail, so that nonperturbative techniques are required.

To deal with this problem, different approaches have been considered. For example, in
the Landau gauge, several analytic results have been obtained on the infrared behavior of the
propagators of the theory, see for instance [3–11]. In this gauge, lattice simulations have
confirmed an infrared suppressed gluon propagator exhibiting violation of positivity [12–16],
a feature interpreted as a signal of confinement. In particular, the fitting of the lattice data
for the gluon propagator is usually accomplished with the aid of several mass parameters
[12, 17, 18], whose theoretical interpretation is still under investigation. So far, two possible
origins could be suggested for such massive parameters, namely: the existence of the Gribov
copies [3] and the condensation of suitable dimension two operators built up with gluon and
ghost fields [19–21]. In this work we shall focus on dimension two operators built up with
gluon fields only, see [22, 23] for a recent discussion of ghost condensation in the Landau and
maximal Abelian gauges.

The massive Gribov parameter γ , which is fixed by a gap equation, follows from the
restriction of the domain of integration in the Feynman path integral to the so-called Gribov
region [3–5]. This restriction is needed in order to deal with the problem of the Gribov
copies and may be implemented through the introduction in the YM action of a nonlocal term,
known as the Zwanziger horizon function [4]. However, there is still room for additional
mass parameters. Therefore, the possibility of the condensation of dimension two operators,
giving rise to a dynamically generated mass for the gluons, has been taken into account. Let
us also mention that, besides the lattice data, the introduction of an effective gluon mass turns
out to be useful also from the phenomenological point of view, see for example [24–26].
In particular, in the Landau gauge, the dimension two operator AA

µAA
µ was proven to be

multiplicatively renormalizable to all orders [27]. In [21, 28–30], an effective potential for
AA

µAA
µ was constructed. The formation of a nonvanishing condensate

〈
AA

µAA
µ

〉
, resulting in a

dynamical effective gluon mass, turned out to be energetically favored.
Besides the Landau gauge, other gauge fixings have been considered. We mention

the recent analysis of dimension two operators in the Curci–Ferrari [31] and general linear
covariant gauges [32, 33]. In [31], an effective potential was constructed for the on-shell
BRST invariant operator

(
1
2AA

µAA
µ + αc̄Ac̄A

)
in the Curci–Ferrari gauge while, in [32, 33], a

detailed study of the already mentioned operator AA
µAA

µ was performed in the linear covariant
gauges. As a result, in [33], it was shown that the gluons do acquire a dynamical mass since the
formation of

〈
AA

µAA
µ

〉
is energetically favored. Another interesting gauge which has received

increasing attention in the last few years is the maximal Abelian gauge (MAG) [34–36]. Several
results have already been established in this gauge, both from theoretical [37–41] and lattice
[42–44] points of view. The MAG is well suited for the study of special aspects of infrared
QCD and color confinement as, for instance, the dual superconductivity and the so-called
Abelian dominance. The dual superconductivity mechanism [45–47] asserts that the low-
energy regime of Yang–Mills theories should exhibit monopoles as vacuum configurations.
The condensation of these magnetic charges might give rise to a dual Meissner effect in the
chromoelectric sector. As for the Abelian dominance hypothesis [48], the infrared limit of
QCD should be described by an effective theory constructed only from Abelian degrees of
freedom, identified with the diagonal components of the gauge field, corresponding to the
generators of the Cartan subgroup of the gauge group. Lattice numerical simulations in the
MAG have reported significant differences between the diagonal and off-diagonal components
of the gluon propagator [42–44]. In particular, the off-diagonal gluon propagator displays a
mass greater than that reported for the diagonal component, corroborating in fact the Abelian
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dominance hypothesis. In an attempt to understand those lattice results in the MAG, here also
the condensation of dimension two operators has been considered. In [37, 49], a dynamical
mass generation mechanism for the off-diagonal gluons was proposed in the MAG, by means
of the condensation of the operator

〈
1
2Aa

µAa
µ + αc̄ac̄a

〉
.4

As the reader may have noticed, the dimension two operators mentioned above are gauge
dependent, being related to specific choices of the gauge fixing. This is a consequence of the
fact that a local gauge invariant dimension two operator is not available in YM theories. Still,
the condensation of these operators might be taken as evidence in favor of the existence of a
more fundamental gauge invariant operator. However, willing to preserve gauge invariance,
we are led to give up the locality requirement. The price one has to pay for that is that
nonlocal operators are difficult to be handled within a consistent renormalizable framework.
So far, several possibilities have been considered. The first proposal for a condensate of
dimension two was made by [19, 20], who considered the nonlocal gauge invariant operator
A2

min, obtained by minimizing the operator AA
µAA

µ along the gauge orbit, namely

A2
min = min

{U}

∫
d4x Tr

(
AU

µ

)2
, (3)

where U represents an element of the gauge group SU(N),AU
µ = UAµU−1 + iU∂µU−1.

However, for a generic choice of the gauge fixing, the operator A2
min proves to be very difficult

to be handled at quantum level. Expanding A2
min in a power series in the gauge field, see for

example [50], one obtains

A2
min =

∫
d4x

[
AA

µ

(
δµν − ∂µ∂ν

∂2

)
AA

ν − gf ABC

(
∂ν

∂2
∂AA

) (
1

∂2
∂AB

)
AC

ν

]
+ O(A4). (4)

The series (4) consists of an infinite number of nonlocal terms. So far, a consistent treatment
for A2

min has been achieved only in the Landau gauge, ∂µAA
µ = 0, where all the nonlocal terms

vanish and (4) simplifies to the already mentioned operator
∫

d4x
(
AA

µ

)2
. Let us also quote here

that, in a generic linear covariant gauge, the anomalous dimension of A2
min has been calculated

at one-loop order in [51].
More recently, we have pointed out [52] that another kind of gauge invariant nonlocal

operator might be relevant, namely

O = Tr
∫

d4xFµν(D
2)

−1
Fµν. (5)

Unlike expression (3), operator (5) has the advantage of being localizable by means of the
introduction of a suitable set of auxiliary fields. Firstly introduced in the case of 3d YM [54],
the operator O has received renewed interest in the context of 4d YM. In fact, we have been
able to show that, when cast in local form, it gives rise to a local action which can be proven
to be renormalizable to all orders in the general class of the linear covariant gauges [50].
Moreover, in [55], the anomalous dimension of (5) has been evaluated at the two-loop order
in the M̄S scheme and explicitly proven to be independent from the gauge parameter. Also, in
the case of the Landau gauge, it has been shown [53] that the inclusion of Zwanziger’s horizon
function does not spoil the renormalizability of (5).

Despite the progress already achieved in the Landau and covariant linear gauges, a detailed
analysis of the gauge invariant operator O in the MAG is still lacking. The main task of the
present paper is to fill this gap, i.e. to achieve a local and renormalizable framework for O in
the MAG. In particular, the manifest gauge invariance of the operator O might be useful in

4 Here the index a runs only on the off-diagonal components, see the beginning of the following section for the
notations.
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order to improve our present understanding of issues such as the Abelian dominance and the
dynamical gluon mass generation in the MAG.

This paper is organized as follows. In section 2, by means of the introduction of auxiliary
fields, we obtain a local action for YM theories in the MAG, in the presence of the mass
operator (5). Moreover, the embedding of the resulting local theory into a more general
action, enables us to make use of the BRST transformations. In section 3 we obtain the full
set of Ward identities fulfilled by the starting action. Section 4 is devoted to the proof of the
renormalizability of this action to all orders of perturbation theory. We obtain the most general
invariant counterterm and we prove that it can be reabsorbed by means of a redefinition of fields
and parameters of the starting action. The last section collects our conclusions. Appendix A
contains a detailed discussion of the mass operator (5) in the presence of the horizon function
for the MAG.

2. Local action in the maximal Abelian gauge

As is well known, action (1) is left invariant by the gauge transformations

δωAA
µ = −DAB

µ ωB, (6)

for arbitrary ωA(x). In order to quantize the theory, one must fix the gauge. As we shall
choose an Abelian gauge, we decompose the field Aµ as

Aµ = AA
µT A ≡ Aa

µT a + Ai
µT i, (7)

with

[T a, T b] = igf abcT c + igf abiT i, (8)

[T i, T a] = igf iabT b, (9)

[T i, T j ] = 0. (10)

The index i = 1, . . . , N −1 labels the N −1 diagonal generators {T i} of the Cartan subalgebra
of SU(N), while the index a = 1, . . . , N(N −1) labels the remaining off-diagonal generators
{T a}.

Accordingly, the field strength decomposes as

Fa
µν = Dab

µ Ab
ν − Dab

ν Ab
µ + gf abcAb

µAc
ν, (11)

F i
µν = ∂µAi

ν − ∂νA
i
µ + gf abiAa

µAb
ν, (12)

where we have introduced the covariant derivative Dab
µ with respect to the diagonal components

Ai
µ of the gauge field, namely

Dab
µ ≡ δab∂µ − gf abiAi

µ. (13)

2.1. The gauge fixing

The MAG [34–36] is obtained by requiring that the functional

R[A] =
∫

d4x Aa
µAa

µ (14)
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is stationary with respect to the gauge transformations. Observe that expression (14) depends
only on the off-diagonal components of the gauge field. The vanishing of the first variation of
R leads to the nonlinear condition

Dab
µ Ab

µ = 0. (15)

Still, it remains to choose a gauge condition for the diagonal components Ai
µ of the gauge field.

We shall impose a Landau-type condition, also employed in lattice numerical simulations, i.e.

∂µAi
µ = 0. (16)

Conditions (15), (16) are implemented by adding the following gauge fixing term to the
Yang–Mills action:

SMAG =
∫

d4x
(
baDab

µ Ab
µ + c̄aDab

µ Dbc
µ cc + gf abi c̄a

(
Dbc

µ Ac
µ

)
ci + c̄aDab

µ

(
gf bcdAc

µcd
)

− g2f abif cdi c̄acdAb
µAc

µ + bi∂µAi
µ + c̄i∂µ

(
∂µci + gf abiAa

µcb
))

+ α

∫
d4x

(
1

2
baba − gf abibac̄bci − g

2
f abcbac̄bcc − g2

4
f abif cdi c̄a c̄bcccd

− g2

4
f abcf adi c̄bc̄ccdci − g2

8
f abcf adec̄bc̄ccdce

)
, (17)

where bA ≡ (ba, bi) are the Nakanishi–Lautrup fields, and cA = (ca, ci), c̄A ≡ (c̄a, c̄i ) are the
ghost and antighost fields. The gauge parameter α is introduced in (17) for renormalizability
purposes. As a consequence of the nonlinearity of condition (15), the quartic interaction ghost
terms in expression (17) is required in order to obtain a stable action [37, 56, 57]. After
the removal of the ultraviolet divergences, the limit α → 0 has to be considered in order to
achieve (15).

In non-Abelian gauge theories one has to face the existence of the Gribov ambiguities
[3], which deeply affect the infrared region. In the MAG, it is known that condition (15) does
not uniquely fix the gauge [40], so that a suitable restriction of the domain of integration in
the Feynman path integral has to be implemented in order to avoid the counting of equivalent
field configurations. The renormalization of operator (5) has already been investigated in the
Landau gauge [53] when the restriction of the domain of integration to the so-called Gribov
region was taken into account. In [53], it was explicitly shown that the introduction of the
Zwanziger horizon function [4, 5], which implements the restriction to the Gribov region, does
not spoil the renormalizability of (5). The same feature occurs here in the MAG. However, for
simplicity, we have decided not to include in the main text the lengthy and technical analysis
of the mass operator (5) in the presence of the horizon function of the MAG, leaving the
inclusion of the horizon term to the appendix, where the interested reader may find a detailed
discussion.

2.2. Localizing the mass operator

In [50], it has been shown that the nonlocal mass term (5) may be written in a local form
by means of the introduction of a pair of complex bosonic antisymmetric tensor fields in the
adjoint representation,

(
BA

µν, B̄
A
µν

)
, and a pair of anticommuting antisymmetric complex tensor

fields,
(
GA

µν, Ḡ
A
µν

)
. Following [50], the nonlocal operator O, equation (5), is coupled to the

Yang–Mills action by introducing the gauge invariant mass term

SO = −m2

4

∫
d4x FA

µν[(D2)
−1

]
AB

FB
µν. (18)

5
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Furthermore, it is easily checked that expression (18) can be rewritten in local form as

e−SO =
∫

DB̄DBDḠDG exp[−(SBG + Sm)], (19)

with

SBG = 1

4

∫
d4x

(
B̄A

µνOABBB
µν − ḠA

µνOABGB
µν

)
, (20)

Sm = im

4

∫
d4x

(
BA

µν − B̄A
µν

)
FA

µν, (21)

and

OAB ≡ DAC
µ DCB

µ . (22)

Identity (19) allows us to localize the expression SO, (18), when added to the YM action SYM,
equation (1). Thus, for the local gauge-fixed action Sphys in the MAG we write

Sphys = SYM + SMAG + SBG + Sm. (23)

Evidently ∫
DB̄DBDḠDG exp[−Sphys] = e−(SYM+SMAG+SO). (24)

2.3. A BRST invariance

In order to establish the BRST invariance of the local action Sphys, we shall employ here the
same procedure of [5, 38, 50, 52], and we shall embed the action Sphys into a more general
one. Following [5, 38, 50, 52], we introduce the system of external sources

(Uσρµν, Ūσρµν, Vσρµν, V̄σρµν) (25)

and replace the term Sm in (23) by

SUV = 1

4

∫
d4xFA

µν

(
ŪλρµνG

A
λρ + VλρµνB̄

A
λρ − V̄λρµνB

A
λρ + UλρµνḠ

A
λρ

)
. (26)

Note that expression (21) is recovered from (26) in the physical limit for the sources, namely

V̄σρµν |phys = Vσρµν |phys = − im

2
(δσµδρν − δσνδρν), Uσρµν |phys = Ūσρµν |phys = 0, (27)

i.e.

SUV |phys = Sm. (28)

Thus, action (23) is replaced by

Sinv = SYM + SMAG + SBG + SUV , (29)

which defines a more general theory and has Sphys as a particular case.
As an important bonus, we observe that Sinv is invariant under the following global U(6)

symmetry:

Qµνλρ(Sinv) = 0, (30)

with

Qµνλρ ≡
∫

d4x

(
BA

µν

δ

δBA
λρ

− B̄A
λρ

δ

δB̄A
µν

+ GA
µν

δ

δGA
λρ

− ḠA
λρ

δ

δḠA
µν

+ Uµναβ

δ

δUλραβ

− Ūλραβ

δ

δŪµναβ

+ Vµναβ

δ

δVλραβ

− V̄λραβ

δ

δV̄µναβ

)
. (31)

6
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Symmetry (30) is naturally related to the mass operator and allows us to use a multi-index
notation, (µ, ν) → I, I = 1, . . . , 6, so that(

BA
I , B̄A

I ,GA
I , ḠA

I

) = 1
2

(
BA

µν, B̄
A
µν,G

A
µν, Ḡ

A
µν

)
, (32)(

UIµν, ŪIµν, VIµν, V̄Iµν

) = 1
2

(
Uσρµν, Ūσρµν, Vσρµν, V̄σρµν

)
. (33)

The use of the multi-index I will turn out to be very useful when looking for combinations of
possible counterterms respecting (30). With this notation, we may rewrite action (29) as

Sinv = SYM + SMAG +
∫

d4x
(
B̄A

I OABBB
I − ḠA

I OABGB
I

+ FA
µν

(
ŪIµνG

A
I + VIµνB̄

A
I − V̄IµνB

A
I + UIµνḠ

A
I

))
. (34)

The introduction of the system of sources (25) enables us to establish that action (29) possesses
a BRST invariance. In fact, it can be checked by direct inspection that the following nilpotent
transformations:

sAa
µ = −(

Dab
µ cb + gf abcAb

µcc + gf abiAb
µci

)
,

sAi
µ = −(

∂µci + gf abiAa
µcb

)
,

sca = gf abicbci +
g

2
f abccbcc,

sci = g

2
f abicacb,

sc̄A = bA , sbA = 0,

sBA
I = GA

I + gf ABCcBBC
I ,

sB̄A
I = gf ABCcBB̄C

I ,

sGA
I = gf ABCcBGC

I ,

sḠA
I = B̄A

I + gf ABCcBḠC
I ,

sVIµν = UIµν, sUIµν = 0,

sŪIµν = V̄Iµν, sV̄Iµν = 0.

(35)

leave action (29) invariant. In particular, we can rewrite

SMAG = s

∫
d4x

[
c̄a

(
Dab

µ +
α

2
ba

)
− α

2
gf abi c̄a c̄bci − α

4
gf abccac̄bc̄c + c̄i∂µAi

µ

]
. (36)

3. Identification of the complete starting action and its symmetries

In order to prove the renormalizability of the action Sinv, equation (29), we shall make use
of the algebraic renormalization technique [58]. For that purpose, we shall introduce a set of
BRST sources and we shall establish the Ward identities fulfilled by the theory. Knowledge of
these Ward identities will play a central role in the determination of the most general allowed
invariant counterterm.

3.1. Starting action

As is well known, due to the nonlinear character of the BRST transformations, equations (35),
one has to introduce a set of external sources,

(
XA

I , X̄A
I , YA

I , Ȳ A
I ,�A

µ,LA
)
, coupled to them,

7
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namely

Sext =
∫

d4x

[
−�a

µ

(
Dab

µ cb + gf abcAb
µcc + gf abiAb

µci
) − �i

µ

(
∂µci + gf abiAa

µcb
)

+ La

(
gf abicbci +

g

2
f abccbcc

)
+

g

2
f abiLicacb + Ȳ A

I gf ABCcBBC
I

+ YA
I gf ABCcBB̄C

I + X̄A
I gf ABCcBGC

I + XA
I gf ABCcBḠC

I

]
. (37)

Further, we introduce the following two terms, Sλ and Ssources to be added to the action Sinv:

Sλ =
∫

d4x

{
λ1

(
B̄A

I BA
I − ḠA

I GA
I

)
(V̄JµνVJµν − ŪJµνUJµν)

+ λ2

(
B̄A

I GA
J VIµνŪJµν + ḠA

I GA
J UIµνŪJµν + B̄A

I BA
J VIµνV̄Jµν − ḠA

I BA
J UIµνV̄Jµν

− GA
I BA

J ŪIµνV̄Jµν + ḠA
I B̄A

J UIµνVJµν − 1

2
BA

I BA
J V̄IµνV̄Jµν +

1

2
GA

I GA
J ŪIµνŪJµν

− 1

2
B̄A

I B̄A
J VIµνVJµν +

1

2
ḠA

I ḠA
J UIµνUJµν

)
+

λABCD

16

(
B̄A

I BB
I − ḠA

I GB
I

)(
B̄C

J BD
J − ḠC

J GD
J

)}
, (38)

Ssources =
∫

d4x[χ1(V̄Iµν∂
2VIµν − ŪIµν∂

2UIµν) + χ2(V̄Iµν∂µ∂σVIνσ − ŪIµν∂µ∂σUIνσ )

− ζ(ŪIµνUIµνŪJσρUJσρ + V̄IµνVIµνV̄JσρVJσρ − 2ŪIµνUIµνV̄JσρVJσρ)]. (39)

The first term, Sλ, already discussed in detail in [50, 55], contains interactions between the
auxiliary fields and the sources (UIµν, ŪIµν, VIµνV̄Iµν), and is needed for the stability of the
action. The second term, Ssources, depends only on (UIµν, ŪIµν, VIµνV̄Iµν) and is allowed
by power counting. The parameters λ1, λ2, χ1, χ2 and ζ are free, while the 4-rank invariant
tensor λABCD enjoys the properties [50]

f MANλMBCD + f MBNλAMCD + f MCNλABMD + f MDNλABCM = 0, (40)

and

λABCD = λCDAB = λBACD. (41)

Collecting all terms, we finally write the starting action � as

� = Sinv + Sλ + Sext + Ssources. (42)

The stability of � under quantum corrections will be investigated in the following section.
Here, for the sake of clarity, we recall the range of variations of all the indices introduced

so far;

A,B,C,D, . . . ∈ {1, . . . , N2 − 1},
a, b, c, d, . . . ∈ {1, . . . , N(N − 1)},
i, j, k, l, . . . ∈ {1, . . . , N − 1},
I, J,K,L . . . ∈ {

1, . . . , 1
2D(D − 1) = 6

}
,

µ, ν, σ, ρ, . . . ∈ {1, . . . , D = 4}.

(43)

In table 1 we display the dimensions and the ghost number of the complete set of fields and
sources of the theory, as well as the corresponding Q6-charge, which is defined as the trace of
operator (31).
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Table 1. Quantum numbers of the fields and sources.

A b c̄ c B B̄ G Ḡ U Ū V V̄ Y Ȳ X X̄ � L

Dimension 1 2 2 0 1 1 1 1 1 1 1 1 3 3 3 3 3 4
Ghost number 0 0 −1 1 0 0 1 −1 1 −1 0 0 −1 −1 −2 0 −1 −2
Q6-charge 0 0 0 0 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 0 0

The starting action (42) is left invariant by the action of the nilpotent BRST operator s
given by (35) and by

s�A
µ = 0, sLA = 0,

sYA
I = XA

I , sXA
I = 0, (44)

sX̄A
I = −Ȳ A

I , sȲ A
I = 0,

i.e.

s� = 0. (45)

3.2. Ward identities

In order to constrain the possible counterterms which can be added to the local starting action
�, equation (42), let us proceed by establishing the set of Ward identities fulfilled by the
starting classical action. In fact, it turns out that � obeys the following set of Ward identities:

• The diagonal gauge fixing identity

δ�

δbi
= ∂µAi

µ. (46)

• The diagonal anti-ghost equation

δ�

δc̄i
+ ∂µ

δ�

δ�i
µ

= 0. (47)

• The diagonal ghost equation

Gi (�) = �i
class, (48)

where

Gi = δ

δci
+ gf abi c̄a δ

δbb
, (49)

and

�i
class = −∂2c̄i − ∂µ�i + gf abi�a

µAb
µ − gf abiLacb + gf abi Ȳ a

I Bb
I

+ gf abiY a
I B̄b

I − gf abiX̄a
I G

b
I − gf abiXa

I Ḡ
b
I . (50)

Note that the term �i
class, being linear in the quantum fields, represents a classical breaking

not affected by quantum corrections [58].
• The Slavnov–Taylor identity

S(�) = 0, (51)

9
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where

S(�) ≡
∫

d4x

[
δ�

δ�A
µ

δ�

δAA
µ

+
δ�

δLA

δ�

δcA
+ bA δ�

δc̄A

+

(
δ�

δȲ A
I

+ GA
I

)
δ�

δBA
I

+
δ�

δYA
I

δ�

δB̄A
I

+
δ�

δX̄A
I

δ�

δGA
I

+

(
δ�

δXA
I

+ B̄A
I

)
δ�

δḠA
I

+ V̄Iµν

δ�

δŪIµν

+ UIµν

δ�

δVIµν

− Ȳ A
I

δ�

δX̄A
I

+ XA
I

δ�

δYA
I

]
. (52)

The Slavnov–Taylor identity (51) gives rise to the corresponding nilpotent linearized
operator

S� ≡
∫

d4x

[
δ�

δ�A
µ

δ

δAA
µ

+
δ�

δAA
µ

δ

δ�A
µ

+
δ�

δLA

δ

δcA
+

δ�

δcA

δ

δLA
+ bA δ

δc̄A

+

(
δ�

δȲ A
I

+ GA
I

)
δ

δBA
I

+
δ�

δBA
I

δ

δȲ A
I

+
δ�

δYA
I

δ

δB̄A
I

+

(
δ�

δB̄A
I

+ XA
I

)
δ

δYA
I

+
δ�

δX̄A
I

δ

δGA
I

+
δ�

δX̄A
I

δ

δGA
I

+

(
δ�

δGA
I

− Ȳ A
I

)
δ

δX̄A
I

+

(
δ�

δXA
I

+ B̄A
I

)
δ

δḠA
I

+
δ�

δḠA
I

δ

δXA
I

+ V̄Iµν

δ

δŪIµν

+ UIµν

δ

δVIµν

]
, (53)

S�S� = 0. (54)

• The diagonal U(1)N−1 Ward identity

W i (�) = −∂2bi, (55)

with

W i ≡ ∂µ

δ

δAi
µ

+ gf abi

(
Aa

µ

δ

δAb
µ

+ ba δ

δbb
+ ca δ

δcb
+ c̄a δ

δc̄b
+ Ba

I

δ

δBb
I

+ B̄a
I

δ

δB̄b
I

+ Ga
I

δ

δGb
I

+ Ḡa
I

δ

δḠb
I

+ �a
µ

δ

δ�b
µ

+ La δ

δLb
+ Y a

I

δ

δY b
I

+ Ȳ a
I

δ

δȲ b
I

+ Xa
I

δ

δXb
I

+ X̄a
I

δ

δX̄b
I

)
. (56)

• The off-diagonal SL(2, R) identity

D(�) = 0, (57)

where

D(�) =
∫

d4x

(
ca δ�

δc̄a
+

δ�

δLa

δ�

δba

)
. (58)

As the Slavnov–Taylor identity, equation (57) also defines a linear operator

D� ≡
∫

d4x

(
ca δ

δc̄a
+

δ�

δLa

δ

δba
+

δ�

δba

δ

δLa

)
. (59)

• The global U(6) invariance related to the nonlocal mass operator

QIJ (�) = 0, (60)

where

QIJ ≡
∫

d4x

(
BA

I

δ

δBA
J

− B̄A
J

δ

δB̄A
I

+ GA
I

δ

δGA
J

− ḠA
J

δ

δḠA
I

+ UIµν

δ

δUJµν

− ŪJµν

δ

δŪIµν

+ VIµν

δ

δVJµν

− V̄Jµν

δ

δV̄Iµν

+ YA
I

δ

δYA
J

− Ȳ A
J

δ

δȲ A
I

+ XA
I

δ

δXA
J

− X̄A
J

δ

δX̄A
I

)
. (61)

The trace of (61) defines the Q6-charge, Q6 = QII , already displayed in table 1.
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• The exact rigid symmetries

R(N )
IJ (�) = 0, (62)

being N = 1, 2, 3, 4 and

R(1)
IJ ≡

∫
d4x

(
BA

I

δ

δGA
J

− ḠA
J

δ

δB̄A
I

+ VIµν

δ

δUJµν

− ŪJµν

δ

δV̄Iµν

+ YA
I

δ

δXA
J

+ X̄A
J

δ

δȲ A
I

)
,

R(2)
IJ ≡

∫
d4x

(
B̄A

I

δ

δḠA
J

+ GA
J

δ

δBA
I

+ V̄Iµν

δ

δŪJµν

+ UJµν

δ

δVIµν

− Ȳ A
I

δ

δX̄A
J

+ XA
J

δ

δYA
I

)
,

R(3)
IJ ≡

∫
d4x

(
B̄A

I

δ

δGA
J

− ḠA
J

δ

δBA
I

− V̄Iµν

δ

δUJµν

+ ŪJµν

δ

δVIµν

+ Ȳ A
I

δ

δXA
J

+ X̄A
J

δ

δYA
I

)
,

R(4)
IJ ≡

∫
d4x

(
BA

I

δ

δḠA
J

+ GA
J

δ

δB̄A
I

− VIµν

δ

δŪJµν

− UJµν

δ

δV̄Iµν

− YA
I

δ

δX̄A
J

+ XA
J

δ

δȲ A
I

)
.

(63)

For calculation purposes, we display the following useful (anti-)commutation relations
between the linearized operator S� , given in (53), and operators (49), (59) and (63), namely

[D�,S�] = 0, {Gi ,S�} = W i , (64){
R(1)

IJ ,S�

} = QIJ ,
{
R(2)

IJ ,S�

} = 0, (65){
R(3)

IJ ,S�

} =
∫

d4x (δIKδJL − δILδJK)

(
B̄A

K

δ

δBA
L

− V̄Kµν

δ

δVLµν

+ Ȳ A
K

δ

δYA
L

)
, (66)

{
R(4)

IJ ,S�

} =
∫

d4x (δIKδJL + δILδJK)

(
GA

K

δ

δḠA
L

− UKµν

δ

δŪLµν

− XA
K

δ

δX̄A
L

)
. (67)

4. Renormalization

In the previous section we established the full set of Ward identities fulfilled by the action �.
In this section, we prove that � is perturbative renormalizable to all orders.

4.1. Determination of the most general counterterm

Let us turn our attention to the characterization of the most general invariant counterterm �CT

which can be freely added to �. According to the algebraic renormalization procedure [58],
we require that the perturbed action (� + ε�CT) satisfy the same set of Ward identities, (46)–
(62), and constraints of �. The counterterm �CT must be an integrated local polynomial in the
fields and sources with dimension bounded by four, vanishing ghost number and Q6-charge,
obeying the following constraints:

S�(�CT) = 0, (68)

δ�CT

δbi
= 0, (69)

δ�CT

δc̄i
+ ∂µ

δ�CT

δ�i
µ

= 0, (70)

D�(�CT) = 0, (71)

Gi (�CT) = 0, (72)
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W i (�CT) = 0, (73)

QIJ (�CT) = 0, (74)

R(N )
IJ (�CT) = 0. (75)

As an immediate consequence of the BRST invariance, condition (68) allows us to write

�CT = a0SYM + S��(−1), (76)

where a0 is a free parameter and �(−1) is an integrated local polynomial with ghost number
−1 and vanishing Q6-charge. Taking table 1 into account and imposing conditions (69) and
(70), we are led to the expression

�(−1) = �
(−1)
1 + �

(−1)
2 , (77)

with

�
(−1)
1 =

∫
d4x

{
a1�

a
µAa

µ + a2(∂µc̄a)Aa
µ + a3

(
�i

µ + ∂µc̄i
)
Ai

µ + a4c
aLa + a5c

iLi

+ a6gf
abi c̄a c̄bci + a7gf

abcc̄a c̄bcc + a8c̄
aba + a9gf

abi c̄aAi
µAb

µ + a10Ȳ
A
I BA

I

+ a11Y
A
I B̄A

I + a12X̄
A
I GA

I + a13X
A
I ḠA

I + a14Ḡ
A
I ∂2BA

I + a15gf
ABCḠA

I

(
∂µAB

µ

)
BC

I

+ a16gf
ABCḠA

I AB
µ∂µBC

I + a17
(
∂µAA

ν

)
ŪIµνB

A
I + a18A

A
µŪIµν∂νB

A
I

+ a19gf
ABCAB

µAC
ν ŪIµνB

A
I + a20

(
∂µAA

ν

)
VIµνḠ

A
I + a21A

A
µVIµν∂νḠ

A
I

+ a22gf
ABCAB

µAC
ν VIµνḠ

A
I + a23Ḡ

A
I BA

I V̄JµνVJµν + a24Ḡ
A
I BA

J V̄IµνVJµν

+ a25Ḡ
A
I BA

J V̄JµνVIµν + a26Ḡ
A
I BA

I ŪJµνUJµν + a27Ḡ
A
I BA

J ŪIµνUJµν

+ a28Ḡ
A
I BA

J ŪJµνUIµν + a29Ḡ
A
I GA

J VIµνŪJµν + a30Ḡ
A
I GA

J VJµνŪIµν

+ a31B̄
A
I BA

J VIµνŪJµν + a32B̄
A
I BA

J VJµνŪIµν + a33B
A
I BA

I ŪJµνV̄Jµν

+ a34B
A
I BA

J ŪIµνV̄Jµν + a35Ḡ
A
I ḠA

J UIµνVJµν + a36Ḡ
A
I B̄A

I VJµνVJµν

+ a37Ḡ
A
I B̄A

J VIµνVJµν + a38G
A
I BA

J ŪIµνŪJµν + ρABCDḠA
I BB

I AC
µAD

µ

+ a39c̄
acaŪIµνVIµν + ξabcd

1 c̄acbḠc
IB

d
I + ξ

abij

2 c̄acbḠi
IB

j

J + σABCD
1 ḠA

I BB
I B̄C

J BD
J

+ σABCD
2 ḠA

I BB
I ḠC

J GD
J + σABCD

3 ḠA
I BB

J B̄C
I BD

J + σABCD
4 ḠA

I BB
J ḠC

I GD
J

}
, (78)

and

�
(−1)
2 =

∫
d4x(a40ŪIµν∂

2VIµν + a41ŪIµν∂µ∂αVIνα + a42ŪIµνVIµνŪJαβUJαβ

+ a43ŪIµνVIµνV̄JαβVJαβ + a44ŪIµνVJµνŪIαβUJαβ + a45ŪIµνVJµνV̄IαβVJαβ

+ a46ŪIµνVIναŪJαβUJβµ + a47ŪIµνVIναV̄JαβVJβµ + a48ŪIµνVJναŪIαβUJβµ

+ a49ŪIµνVJναV̄IαβVJβµ + a50VIµνVIµνŪJαβV̄Jαβ + a51VIµνVJµνŪIαβV̄Jαβ

+ a52ŪIµνŪJµνVJαβUJαβ + a53ŪIµνVIναŪJµβUJαβ + a54ŪIµνVIναV̄JµβVJαβ

+ a55ŪIµνVJναŪIµβUJαβ + a56ŪIµνVJναV̄IµβVJαβ + a57ŪIµνVIαβŪJαβUJµν

+ a58ŪIµνVIαβV̄JαβVJµν + a59ŪIαµVIνβŪJαβUJµν + a60ŪIαµVIνβV̄JαβVJµν) (79)

Here aα, α = 1, . . . , 60, and the 4-rank tensor σABCD
ℵ ,ℵ = 1, . . . , 4, are also arbitrary

coefficients. Applying the remaining conditions (71)–(75), expression (77) reduces to

�(−1) =
∫

d4x

{
a1�

a
µAa

µ − a2c̄
aDab

µ Ab
µ + a4c

aLa + a8

(
c̄aba − gf abi c̄a c̄bci − g

2
f abcc̄a c̄bcc

)
+ a10

(
Ȳ A

I BA
I − X̄A

I GA
I

)
+ a11

(
YA

I B̄A
I − XA

I ḠA
I

)
+ a14Ḡ

A
I DAC

µ DCB
µ BB

I

12
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+ a19F
A
µνŪIµνB

A
I + (a10 −a11 −a19)F

A
µνVIµνḠ

A
I +a23Ḡ

A
I BA

I (V̄JµνVJµν − ŪJµνUJµν)

+ a25
(
ḠA

I BA
J V̄JµνVIµν + ḠA

I GA
J VIµνŪJµν

)
+a28

(
ḠA

I BA
J ŪJµνUIµν + B̄A

I BA
J VIµνŪJµν

)
+

1

2
[λ2(a10 − a11) − a28 − a25]

(
BA

I BA
J ŪIµνV̄Jµν + GA

I BA
J ŪIµνŪJµν

)
− 1

2
[λ2(a10 − a11) + a28 + a25]

(
ḠA

I ḠA
J UIµνVJµν + ḠA

I B̄A
J VIµνVJµν

)
+ σABCD

1 ḠA
I BB

I

(
B̄C

J BD
J − ḠC

J GD
J

)
+ a40ŪIµν∂

2VIµν + a41ŪIµν∂µ∂αVIνα

+ a42(ŪIµνVIµνŪJαβUJαβ − ŪIµνVIµνV̄JαβVJαβ)

}
, (80)

with the further restrictions on σABCD
1

f MANσMBCD
1 + f MBNσAMCD

1 + f MCNσABMD
1 + f MDNσABCM

1 = 0, (81)

and

σABCD
1 = σCDAB

1 = σBACD
1 . (82)

Observe that many coefficients present in expressions (78) and (79) vanish after the imposition
of constraints (71)–(75).

Performing now the following redefinition:

a0 → a0, a1 → a1,

a2 → −a2, a4 → −a3,

a8 → α

2
a4, a10 + a11 → a5,

a10 − a19 → a6, a23 → λ1a7,

a25 + a28 → λ2a8, a40 → χ1a9,

a41 → χ2a10, a42 → ζa11,

(83)

σABCD
1 → a5

16
(σABCD − λABCD),

we can rewrite the counterterm �CT as

�CT = �CT(1) + �CT(2) + �CT(3) (84)

with

�CT(1) =
∫

d4x
{a0 + 2a1

2

(
Dab

µ Ab
ν

) (
Dac

µ Ac
ν − Dac

ν Ac
µ

)
+ (a0 + 3a1)gf

abc
(
Dad

µ Ad
ν

)
Ab

µAc
ν

+
a0 + 4a1

4

(
g2f abcf adeAb

µAc
νA

d
µAe

ν + g2f abif cdiAa
µAb

νA
c
µAd

ν

)
+

a0

2

(
∂µAi

ν

) (
∂µAi

ν − ∂νA
i
µ

)
+ (a0 + 2a1)gf

abi
(
∂µAi

ν

)
Aa

µAb
ν + (a1 + a2)b

aDab
µ Aa

µ

+ (a1 + a2)gf
abi c̄a

(
Dbc

µ Ac
µ

)
ci + (a1 + a2 + a3)c̄

aDab
µ

(
gf bcdAc

µcd
)

+ (2a1 + a2 + a3)g
2f abif cdi c̄acdAb

µAc
µ − (a1 + a3)

(
�i

µ + ∂µc̄i
)
gf abiAa

µcb

+ (a2 + a3)c̄
aDab

µ Dbc
µ cc + a4

α

2
baba − a4αgf abibac̄bci

− (a3 + a4)
[α
2

gf abcbac̄bcc +
α

4
g2f abcf adi c̄bc̄ccdci

]
− (2a3 + a4)

[α

4
g2f abif cdi c̄a c̄bcccd +

α

8
g2f abcf adec̄bc̄ccdce

]
+ (a1 − a3)�

a
µDab

µ cb

− a3gf
abc�a

µAb
µcc + a3

g

2
f abcLacbcc + a3gf

abiLicacb
}
, (85)
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�CT(2) =
∫

d4x

{
a3Ȳ

a
I

(
gf abccbBc

I + gf abicbBi
I

)
+ a3f

abi Ȳ i
I c

aBb
I + a3Y

a
I

(
gf abccbB̄c

I

+ gf abicbB̄i
I

)
+ a3gf

abiY i
I c

aB̄b
I + a3X̄

a
I

(
gf abccbGc

I + gf abicbGi
I

)
+ a3gf

abiX̄i
I c

aGb
I + a3X

a
I

(
gf abccbḠc

I + gf abicbḠi
I

)
+ a3gf

abiXi
I c

aḠb
I

+ a5B̄
a
I ∂2Ba

I − a5gf
abiB̄a

I

(
∂µAi

µ

)
Bb

I − (a1 + a5)gf
abcB̄a

I

(
∂µAc

µ

)
Bb

I

− a52gf abiB̄a
I Ai

µ∂µBb
I − (a1 + a5)2gf abcB̄a

I Ac
µ∂µBb

I + a5g
2f acif cbj B̄a

I Ai
µAj

µBb
I

+ (a1 + a5)g
2f acif cbdB̄a

I Ai
µAd

µBb
I + (a1 + a5)g

2f acdf cdiB̄a
I Ad

µAi
µBb

I

+ (2a1 + a5)g
2f acdf cbeB̄a

I Ad
µAe

µBb
I + (2a1 + a5)g

2f acif bdiB̄a
I Ac

µAd
µBb

I

+ a5B̄
i
I ∂

2Bi
I − (2a1 + a5)g

2f abif acj B̄i
IA

b
µAc

µB
j

I + (a1 + a5)gf
abiB̄a

I

(
∂µAb

µ

)
Bi

I

+ (a1 + a5)2gf abiB̄a
I Ab

µ∂µBi
I − (a1 + a5)g

2f acjf cbiB̄a
I Aj

µAb
µBi

I

− (2a1 + a5)g
2f acbf cdiB̄a

I Ab
µAd

µBi
I − (a1 + a5)gf

abiB̄i
(
∂µAb

µ

)
Ba

I

− (a1 + a5)2gf abiB̄i
IA

b
µ∂µBa

I + (a1 + a5)g
2f cbif caj B̄i

IA
b
µAj

µBa
I

+ (2a1 + a5)g
2f cbif cadB̄i

IA
b
µAd

µBa
I

}
, (86)

and

�CT(3) =
∫

d4x

{
−[

a5Ḡ
a
I ∂

2Ga
I − a5gf

abiḠa
I

(
∂µAi

µ

)
Gb

I − (a1 + a5)gf
abcḠa

I

(
∂µAc

µ

)
Gb

I

− a52gf abiḠa
IA

i
µ∂µGb

I − (a1 + a5)2gf abcḠa
IA

c
µ∂µGb

I + a5g
2f acif cbj Ḡa

IA
i
µAj

µGb
I

+ (a1 + a5)g
2f acif cbdḠa

IA
i
µAd

µGb
I + (a1 + a5)g

2f acdf cdiḠa
IA

d
µAi

µGb
I

+ (2a1 + a5)g
2f acdf cbeḠa

IA
d
µAe

µGb
I + (2a1 + a5)g

2f acif bdiḠa
IA

c
µAd

µGb
I

+ a5Ḡ
i
I ∂

2Gi
I − (2a1 + a5)g

2f abif acj Ḡi
IA

b
µAc

µG
j

I + (a1 + a5)gf
abiḠa

I

(
∂µAb

µ

)
Gi

I

+ (a1 + a5)2gf abiḠa
IA

b
µ∂µGi

I − (a1 + a5)g
2f acjf cbiḠa

IA
j
µAb

µGi
I

− (2a1 + a5)g
2f acbf cdiḠa

IA
b
µAd

µGi
I − (a1 + a5)gf

abiḠi
(
∂µAb

µ

)
Ga

I

− (a1 + a5)2gf abiḠi
IA

b
µ∂µGa

I + (a1 + a5)g
2f cbif caj Ḡi

IA
b
µAj

µGa
I

+ (2a1 + a5)g
2f cbif cadḠi

IA
b
µAd

µGa
I

]
+

[
2(a1 + a6)D

ab
µ Ab

ν + (2a1 + a6)gf
abcAb

µAc
ν

]
× (

ŪIµνG
a
I + VIµνB̄

a
I − V̄IµνB

a
I + UIµνḠ

a
I

)
+

[
2a6∂µAi

ν + (2a1 + a6)gf
abiAa

µAb
ν

]
× (

ŪIµνG
i
I + VIµνB̄

i
I − V̄IµνB

i
I + UIµνḠ

i
I

)
+ λ1(a5 + a7)

(
B̄A

I BA
I − ḠA

I GA
I

)
× (V̄JµνVJµν − ŪJµνUJµν) + λ2(a5 + a8)

(
B̄A

I BA
J VIµνV̄Jµν − ḠA

I BA
J UIµνV̄Jµν

− GA
I BA

J ŪIµνV̄Jµν + B̄A
I GA

J VIµνŪJµν + ḠA
I GA

J UIµνŪJµν + ḠA
I B̄A

J UIµνVJµν

− 1

2
BA

I BA
J V̄IµνV̄Jµν +

1

2
GA

I GA
J ŪIµνŪJµν − 1

2
B̄A

I B̄A
J VIµνVJµν +

1

2
ḠA

I ḠA
J UIµνUJµν

)
+

a5

16
(λABCD + σABCD)

(
B̄A

I BB
I − ḠA

I GB
I

)(
B̄C

J BD
J − ḠC

J GD
J

)
+ χ1a9(V̄Iµν∂

2VIµν − ŪIµν∂
2UIµν) + χ2a10(V̄Iµν∂µ∂αVIνα − ŪIµν∂µ∂αUIνα)

− ζa11(ŪIµνUIµνŪJαβUJαβ + V̄IµνVIµνV̄JαβVJαβ − 2V̄IµνVIµνŪJαβUJαβ)

}
. (87)

By construction, expression (84) yields the most general invariant counterterm compatible
with the full set of Ward identities.
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4.2. Renormalization factors

Once we have found the most general counterterm, equation (84), we have to check whether
the remaining independent coefficients, a0, a1, . . . , a11, and the 4-rank tensor σABCD can be
reabsorbed through a redefinition of the fields, sources and parameters of the starting action �.
The answer is in fact affirmative. Let us rename collectively the fields, sources and parameters
as

� = (A, b, c̄, c) and � = (B̄, B, Ḡ,G), (88)

J = (�,L) and J = (Ȳ , Y, X̄,X, Ū , U, V̄ , V ), (89)

ξ = (g, α, λ1, λ2, χ1, χ2, ζ ). (90)

Next, defining the bare fields, sources and parameters as

�
off-diag
0 = Z̃

1/2
� �off-diag, �

diag
0 = Z

1/2
� �diag,

�0 = Z
1/2
� �, J

off-diag
0 = Z̃J J off-diag,

J
diag
0 = ZJ J diag, J0 = ZJ J ,

ξ0 = Zξξ,

(91)

and

λABCD
0 = Zλλ

ABCD + ZABCD, (92)

it is easily checked that the invariant counterterm �CT can be reabsorbed into the starting
classical action �, namely

�[ξ,�,�, J,J , λABCD] + ε�CT = �
[
ξ0,�0, �0, J0,J0, λ

ABCD
0

]
+ O(ε2), (93)

where ε stands for an infinitesimal expansion parameter. For the Z’s factors we have

Z
1/2
A = Z−1

g , Z̃
1/2
b = ZgZ

1/2
c Z̃1/2

c ,

Z
1/2
b = Zg, Z̃

1/2
c̄ = Z̃1/2

c ,

Z
1/2
c̄ = Z

−1/2
c̄ , Z

1/2
B̄

= Z
1/2
Ḡ

= Z
1/2
G = Z

1/2
B ,

Z̃� = Z−1
g Z−1/2

c Z̃
−1/2
A , Z� = Z−1/2

c ,

Z̃L = Z−1
g Z−1/2

c Z̃−1/2
c , ZL = Z−1

g Z−1
c ,

ZX = ZX̄ = ZY = ZȲ = Z−1
g Z−1/2

c Z
−1/2
B , ZU = ZŪ = ZV̄ = ZV ,

(94)

with

Z̃
1/2
A = 1 + ε

(a0

2
+ a1

)
, Zg = 1 − ε

a0

2
,

Z̃1/2
c = 1 + ε

a2 + a3

2
, Z1/2

c = 1 + ε
a2 − a3

2
,

Z
1/2
B = 1 + ε

a5

2
, ZV = 1 − ε

(a0

2
+

a5

2
− a6

)
,

Zα = 1 + ε(a0 − 2a2 + a4), Zλ1 = 1 + ε(a0 + a5 − 2a6 + a7),

Zλ2 = 1 + ε(a0 + a5 − 2a6 + a8), Zχ1 = 1 + ε(a0 + a5 − 2a6 + a9),

Zχ2 = 1 + ε(a0 + a5 − 2a6 + a10), Zζ = 1 + ε(2a0 + 2a5 − 4a6 + a11),

Zλ = 1 − εa5, ZABCD = εa5σ
ABCD.

(95)

This concludes the proof of the renormalizability of the classical action to all orders of
perturbation theory.
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5. Conclusions

In this paper, a detailed analysis of the nonlocal gauge invariant mass operator
Tr

∫
d4xFµν(D

2)−1Fµν has been made in the MAG. By means of the introduction of a
suitable set of auxiliary fields, this operator can be cast in local form. Moreover, the
embedding of the resulting local model into a more general action has allowed us to make
use of the BRST symmetry. Furthermore, it turns out that the generalized action displays
additional global symmetries giving rise to useful Ward identities, which were used to
restrict the possible counterterms. The analysis of the renormalization factors has enabled
us to show that the most general invariant counterterm can be in fact reabsorbed into the
starting action through a redefinition of fields, parameter and sources, establishing thus the
perturbative renormalizability of the model to all orders. Finally, in the appendix the nonlocal
operator Tr

∫
d4xFµν(D

2)−1Fµν has been analyzed in the presence of the horizon function
implementing the restriction of the domain of integration in the Feynman path integral to the
Gribov region in the MAG. The output of our analysis is that the introduction of the horizon
function does not spoil the renormalizability of the model.
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Appendix A. Including the horizon function

It is a well-known fact that non-Abelian theories are plagued by Gribov ambiguities [3], see
[60] for a pedagogical review. In the specific case of the MAG, the study of Gribov ambiguities
and the characterization of the horizon function in the case of SU(2) can be found in [39, 38].
In this appendix, we present the main aspects of the simultaneous inclusion of the MAG
horizon function and of the gauge invariant mass operator (5) in the YM theory. A similar
treatment regarding Gribov ambiguities and the mass operator (5) has been done recently in the
Landau gauge [53]. Without loss of generality, we will follow [39, 38] and restrict ourselves
to SU(2).

In [38], the following horizon function for the MAG has been derived

SHorizon = γ 4g2
∫

d4x εabAµ(M−1)acεcbAµ. (A.1)

Here γ stands for the Gribov parameter [3, 39], εab ≡ ε3ab, a, b = 1, 2 are the off-diagonal
components of the SU(2) structure constants and Aµ ≡ A3

µ is the diagonal component of the
gauge field. The operator (M−1)ab is the inverse of the Faddeev–Popov operator given by

Mab = −Dac
µ Dcb

µ − g2εacεbdAc
µAd

µ, (A.2)

with the covariant derivative Dab
µ defined as a particular case of (13) by

Dab
µ = δab∂µ − gεabAµ. (A.3)

The inclusion of the horizon function (A.1) allows one to implement the restriction of the
domain of integration in the Feynman path integral to the Gribov region, where operator (A.2)
is strictly positive definite. As underlined in [38, 39], such a restriction is necessary in order
to deal with the Gribov copies.
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In much the same way as the gauge invariant mass operator (5), the horizon function
(A.1) also possesses a localized version, which can be obtained through the introduction of a
suitable pair of commuting auxiliary complex fields

(
φab

µ , φ̄ab
µ

)
, and a pair of anti-commuting

ones
(
ωab

µ , ω̄ab
µ

)
[38]

S local
Horizon =

∫
d4x

{
φ̄ab

µ Macφcb
µ − ω̄ab

µ Macωcb
µ + ω̄ab

µ Facφcb
µ + M̄ac

µνD
ab
µ φbc

ν + Nac
µνD

ab
µ ω̄bc

ν

+ N̄ac
µν

[
Dab

µ ωbc
ν + gεab

(
∂µc + gεdeAd

µce
)
φbc

ν

]
+ Mac

µν

[
Dab

µ φ̄bc
ν + gεab

(
∂µc + gεdeAd

µce
)
ω̄bc

ν

]}
+ αg2

∫
d4x

[
1

2

(
φ̄ac

µ φac
µ − ω̄ac

µ ωac
µ

) (
φ̄bd

ν φbd
ν − ω̄bd

ν ωbd
ν

) − (
φ̄ac

µ φac
µ − ω̄ac

µ ωac
µ

)
c̄bcb

+ ω̄ac
µ φac

µ bbcb − ω̄ac
µ φac

µ gεbd c̄bcdc

]
, (A.4)

with Fab given by

Fab = 2gεac
(
∂µc + gεdeAd

µce
)
Dcb

µ + gεab∂µ

(
∂µc + gεcdAc

µcd
)

− g2(εacεbd + εadεbc)Ad
µ

(
Dce

µ ce + gεceAe
µc

)
, (A.5)

and the sources Mab
µν, M̄

ab
µν, N

ab
µν and N̄ab

µν are chosen in such a way that their physical values
must be taken as

M̄ab
µν

∣∣
phys = −Mab

µν

∣∣
phys = δabδµνγ

2, N̄ab
µν

∣∣
phys = Nab

µν

∣∣
phys = 0. (A.6)

Note that the last term in expression (A.4) introduces quartic interactions between the auxiliary
fields, being needed for renormalizability. Nevertheless, unlike the term (38), these quartic
terms depend on the gauge parameter α of (17), which will be set to zero, α → 0, after the
removal of the ultraviolet divergences.

Adding the local version of the horizon function (A.4) to action (42), we obtain a new
starting action which reads

S = Sinv + S local
horizon + Sλ + S̃sources + S̃ext. (A.7)

The first three terms of expression (A.7) are given by (29), (A.4) and (38) respectively, while
the fourth term generalizes (39), including the new sources (A.6), namely

S̃sources = Ssources +
∫

d4xχ
(
M̄ab

µνM
ab
µν + N̄ab

µνN
ab
µν

)
. (A.8)

Finally, the last term of (A.7) contains the coupling of the external sources �a
µ, τ a

µ, ξa
µ,�µ,

La, L, Ȳ B
I , Y B

I , X̄B
I , XB

I and λac
µ , ηae

µ , ρac
µ , ϑae

µ to some nonlinear operators needed for the
BRST invariance of the model, being given by

S̃ext =
∫

d4x

{
−�a

µDab
µ cb − gεabτ a

µAb
µc + ξa

µ

[
gεab

(
Dbc

µ cc
)
c − g2

2
εabεcdAb

µcccd

]
− �µ

(
∂µc + gεabAa

µcb
)

+ gεabLacbc +
g

2
εabLcacb

+ gεABCcA
(
Ȳ B

I BC
I + YB

I B̄C
I − X̄B

I GC
I − XB

I ḠC
I

)
+ gεabλac

µ φbc
µ c

+ ηae
µ

[
gεabωbe

µ c +
g2

2
εabεcdφbe

µ cccd
]

+ gεabρac
µ ω̄bc

µ c

− ϑae
µ

[
gεabφ̄be

µ c − g2

2
εabεcd ω̄be

µ cccd
]}

. (A.9)
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Table A1. Quantum numbers of the fields and sources.

φ φ̄ ω ω̄ M M̄ N N̄ ϑ η ρ λ � τ ξ

Dimension 1 1 1 1 2 2 2 2 3 3 3 3 3 3 3
Ghost number 0 0 1 −1 0 0 1 −1 −1 −2 0 −1 −1 −1 −2
Q8-charge 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 0 0 0

The quantum numbers of the new fields and sources are displayed in table A1.
Let us now proceed by giving the set of Ward identities fulfilled by action (A.7). These

are

• The Slavnov–Taylor identity

S(S) =
∫

d4x

[(
δS

δ�a
µ

+
δS

δτ a
µ

)
δS

δAa
µ

+
δS

δ�µ

δS

δAµ

+
δS

δLA

δS

δcA
+ bA δS

δc̄A
+

(
δS

δȲ A
I

+ GA
I

)
δS

δBA
I

+
δS

δYA
I

δ�

δB̄A
I

+
δS

δX̄A
I

δS

δGA
I

+

(
δS

δXA
I

+ B̄A
I

)
δS

δḠA
I

+ V̄Iµν

δS

δŪIµν

+ UIµν

δS

δVIµν

− Ȳ A
I

δS

δX̄A
I

+ XA
I

δS

δYA
I

+ ωab
µ

δS

δφab
µ

+ φ̄ab
µ

δS

δω̄ab
µ

+ Nab
µν

δS

δMab
µν

− M̄ab
µν

δS

δN̄ab
µν

− (
�a

µ − τ a
µ

) δS

δξa
µ

+ λab
µ

δS

δηab
µ

+ ρab
µ

δS

δϑab
µ

]
= 0. (A.10)

• The global U(8) invariance

Qab
µν(S) = 0, (A.11)

with

Qab
µν ≡

∫
d4x

(
φca

µ

δ

δφcb
ν

− φ̄cb
ν

δ

δφ̄ca
µ

+ ωca
µ

δ

δωcb
ν

− ω̄cb
ν

δ

δω̄ca
µ

+ Mca
σµ

δ

δMcb
σν

− M̄cb
σν

δ

δM̄ca
σµ

+ Nca
σµ

δ

δNcb
σν

− N̄cb
σν

δ

δN̄ca
σµ

+ ϑca
µ

δ

δϑcb
ν

− ηcb
ν

δ

δηca
µ

+ ρca
µ

δ

δρcb
ν

− λcb
nu

δ

δλca
µ

)
. (A.12)

The presence of this global invariance U(8) allows us to make use of a composite index
i ≡ (a, µ), with i = 1, . . . , 8. Thus, from now on, we set(

φab
µ , φ̄ab

µ , ωab
µ , ω̄ab

µ

) = (
φa

i , φ̄a
i , ωa

i , ω̄
a
i

)
, (A.13)(

Mab
µν, M̄

ab
µν, N

ab
µν, N̄

ab
µν

) = (
Ma

µi, M̄
a
µi, N

a
µi, N̄

a
µi

)
, (A.14)(

ϑab
µ , ηab

µ , ρab
µ , λab

µ

) = (
ϑa

i , ηa
i , ρ

a
i , λa

i

)
. (A.15)

The trace of (A.12) defines a new Q8-charge whose nonvanishing values are displayed in
table A1.

• Symmetries involving the Faddeev–Popov ghost fields and the localizing fields

W (1)
i (S) =

∫
d4x

[
φa

i

δS

δc̄a
+ ca δS

δφ̄a
i

+ Ma
µi

δS

δ�a
µ

− ϑa
i

δS

δLa
+

δS

δλa
i

δS

δba

]
= 0, (A.16)

W (2)
i (S) =

∫
d4x

[
ω̄a

i

δS

δc̄a
− ca δS

δωa
i

− N̄a
µi

δS

δ�a
µ

+ ηa
i

δS

δLa
+

δS

δρa
i

δS

δba

]
= 0, (A.17)
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W (3)
i (S) =

∫
d4x

[(
δS

δλa
i

+ ωa
i

)
δS

δc̄a
+

δS

δηa
i

δS

δba
+

(
δS

δφ̄a
i

− ρa
i

)
δS

δLa

+ ca δS

δω̄a
i

− Ma
µi

δS

δξa
µ

+ Na
µi

δS

δ�a
µ

]
= 0, (A.18)

W (4)
i (S) =

∫
d4x

[(
δS

δρa
i

− φ̄a
i

)
δS

δc̄a
+

δS

δϑa
i

δS

δba
+

(
δS

δωa
i

− λab
ν

)
δS

δLa

− ca δS

δφa
i

+ N̄a
µi

δS

δξa
µ

− M̄a
µi

δS

δ�a
µ

]
= 0. (A.19)

• The exact rigid symmetries associated with the horizon function

R
(1)
ij (S) =

∫
d4x

(
φa

i

δS

δωa
j

− ω̄a
j

δS

δφ̄a
i

+ Ma
µi

δS

δNa
µj

+ N̄a
µj

δS

δM̄a
µi

+ ϑa
i

δS

δρa
j

− ηa
j

δS

δλa
i

)
= 0,

(A.20)

R(2)(S) =
∫

d4x

(
ω̄a

i

δS

δωa
i

− N̄a
µi

δS

δNa
µi

− ηa
i

δS

δρa
i

)
= 0, (A.21)

R(3)(S) =
∫

d4x

(
ω̄a

i

δS

δφa
i

− φ̄a
i

δS

δωa
i

− N̄a
µi

δS

δMa
µi

− M̄a
µi

δS

δNa
µi

− ηa
i

δS

δϑa
i

+ λa
i

δS

δρa
i

)
= 0.

(A.22)

• The global U(6) invariance

QIJ (S) = 0, (A.23)

with the operator QIJ given by (61).
• The exact rigid symmetries associated with the mass operator

R(N )
IJ (S) = 0, (A.24)

with the same operators R(N )
IJ ,N = 1, 2, 3, 4, already defined in (63).

• The diagonal U(1) Ward identity

W3(S) = −∂2b, (A.25)

with

W3 ≡ ∂µ

δ

δAµ

+ gεab

(
Aa

µ

δ

δAb
µ

+ ba δ

δbb
+ ca δ

δcb
+ c̄a δ

δc̄b
+ φa

i

δ

δφb
i

+ φ̄a
i

δ

δφ̄b
i

+ ωa
i

δ

δωb
i

+ ω̄a
i

δ

δω̄b
i

+ �a
µ

δ

δ�b
µ

+ τ a
µ

δ

δτ b
µ

+ ξa
µ

δ

δξb
µ

+ Ma
µi

δ

δMb
µi

+ M̄a
µi

δ

δM̄b
µi

+ Na
µi

δ

δNb
µi

+ N̄a
µi

δ

δN̄b
µi

+ ηa
i

δ

δηb
i

+ ϑa
i

δ

δϑb
i

+ λa
i

δ

δλb
i

+ ρa
i

δ

δρb
i

+ La δ

δLb

+ Ba
I

δ

δBb
I

+ B̄a
I

δ

δB̄b
I

+ Ga
I

δ

δGb
I

+ Ḡa
I

δ

δḠb
I

+ Y a
I

δ

δY b
I

+ Ȳ a
I

δ

δȲ b
I

+ Xa
I

δ

δXb
I

+ X̄a
I

δ

δX̄b
I

)
.

(A.26)

• The off-diagonal SL(2, R) identity

D(S) =
∫

d4x

(
ca δS

δc̄a
+

δS

δLa

δS

δba

)
= 0. (A.27)
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• The diagonal gauge fixing

δS

δb
= ∂µAµ. (A.28)

• The diagonal anti-ghost equation

δS

δc̄
+ ∂µ

δS

δ�µ

= 0. (A.29)

We note here that no diagonal ghost equation, similar to (48), holds when the horizon
function is taken into account [38]. However, the set of Ward identities listed above forbids
the presence of counterterms such as∫

d4x
(
φ̄a

i φa
i − ω̄a

i ω
a
i

)(
B̄A

I BA
I − ḠA

I GA
I

)
, (A.30)

as well as of any other counterterm which would mix fields associated with the two different
nonlocal operators (5) and (A.1). Therefore, in complete analogy with the case of the Landau
gauge [53], the two operators (5) and (A.1) do not mix, due to the rich symmetry content of the
resulting local action. Moreover, it turns out that the most general allowed counterterm can be
in fact reabsorbed in the starting action (A.7) through a redefinition of fields, parameters and
sources, ensuring the renormalizability of the mass operator (5) in the presence of the horizon
function (A.1).
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